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ABSTRACT: We study the behavior of dilute polydisperse polymer solutions in the good-solvent regime. We
compute the second virial coefficient for polymers of different degree of polymerization and for general
polydispersity distributions. We also determine the effective center-of-mass pair potential for polymers of different
length. These results, combined with the integral-equation formalism and the hypernetted-chain closure, allow us
to determine the osmotic pressure and the intermolecular structure function in the dilute regime for general
polydispersity distributions.

1. Introduction polymer species with different degree of polymerization (we
call them bimodal solutions) and for solutions with Schultz

In the limit of a large number of monomers, polymers show . P :

a universal scalin bghaviér3 Indeed. alobal olp m):ar —— polydispersity distribution. All calculations refer to the good-
. g be ot ' 9 poly Proper  solvent regime. The crossover toward theoint will be the

ties can be characterized in terms of exponents and d|menS|on-Object of a forthcoming publication
less ratios that do not depend on chemical details on a molecular ) ) ' ) )
scale. Many theoretical works considered the behavior of TNhe paper is organized as follows. In section 2 we define
monodisperse solutions: all chains have the same number ofour model and give the definitions of the quantities we compute.
monomers. However, from the experimental point of view, it N Seéction 3 we determine the universal scaling function for
is of interest to discuss the effects of polydispersity, i.e., the second virial coefficient and for the effective pair potential

solutions of polymers of different length. In this paper we for polyme_r_s_of different Iength_. In section 4 we determine the
consider polymer solutions in the good-solvent regime, i.e., _compres_,5|b|I|t_y f_actoz and the mterr_nolecqlar structure factor

above the9-temperature. In this regime chains are swollen, and " the dilute limit for several polydlspersny distributions. In

the typical size of the polymer scales B wherel is the section 5 we present our conclusions.

number of monomers (degree of polymerization) an a
universal exponerfty ~ 0.5876.

We first consider the zero-density limit. We determine the  Since we are interested in universal polymer properties, we
second virial coefficienBy(L4,L,) for two polymers of length can consider any model that captures the basic physical
L, and L, and the corresponding effective pair potential properties of the polymeric system. We consider the well-known
Puo(r;La,L2). Since we focus on universal properties, we can self-avoiding walk (SAW) model on a cubic lattice with
use any model that captures the basic properties of polymerattraction; i.e., we introduce an effective attractieanbetween
behavior. For this purpose we consider self-avoiding walks on nonconnected nearest-neighbor monomersg # —e/kgT is
a cubic lattice. OncBy(L1,L,) is known, we are able to compute  the dimensionless inverse temperature, the statistical properties
the first density correction to the compressibility facii depend in general ofi and on the chain length. However,
BI/p, wherell is the osmotic pressure andis the density, for f < Bo—Py is the invers& temperaturefy ~ 0.269 in the
and to the zero-momentum structure function for different present modél—the scaling limitL — « is 3 independent, in
polydispersity distributions. the sense that dimensionless functions and exponents do not

Knowledge of the zero-density pair potential allows us to depend onf. As we discuss below, we shall use tife
study polymer solutions in the dilute regime. For this purpose, dependence at finite to determine “optimal” quantities that
we consider the coarse-grained fluid model in which polymers show a faster convergence to the scaling limit.
are replaced by point particles interacting by means of the zero- We perform a Monte Carlo simulation of isolated SAWs
density coarse-grained pair potential (see refg @and refer- (zero-density limit) using the pivot algoriti#r1> and measure
ences therein). This approach should be accurate in the dilutethe following quantities:
regime in which the effect of the neglected three- and higher- (1) the radius of gyration of a polymer of length
order interactions that arise in the coarse-grained procedure is

2. Definitions

small® To determine the thermodynamic properties of the fluid, 1
we use the integral-equation formali$nin particular, we RgZ(L;ﬁ) E—zmi — rj)zlj (1)
employ the hypernetted-chain (HNC) closure, which has been 2(L + 1)2 ]

shown to be extremely accurate for soft-core potentfale
focus on the osmotic pressure and on the intermolecular structureyhere the sums go over the+ 1 sites of the chain and is
factor that are determined for solutions in which there are two the corresponding position.

(2) the second virial coefficient for two polymers of length
* E-mail: andrea.pelissetto@romal.infn.it. L, andLy:

10.1021/ma060250l CCC: $33.50 © 2006 American Chemical Society

Published on Web 05/10/2006
ublished on We CDV



Macromolecules, Vol. 39, No. 12, 2006 Dilute Polymer Solutions 4185

oy _1p3 __—BH(L2) Rs is completely arbitrary. Any choice is equally good as long
ByLyLaif) = zfd rnl-e @h @ asRs is a quantity that is related to the global size of at least

) one of the two polymers. We choose
where the average is over two walks of lengthand L, the

first one starting at the origin and the second atH(1,2) is 2 I 2
their interaction energy. RALuLy) = E[Rg (Ly) + Ry (L] ©)
(3) the effective pair potential between the centers of mass
of two polymers: The function Ay*(A) satisfies several relations. First, since
Ax(L1,L2;3) is symmetric under the interchange lof and L,
Buy(riLLy8) = —In @*ﬂH(le)m (3) we haveAy*(1) = Ax*(1/4). Second, the second virial coefficient

satisfies the de Gennésrelation By(Ly,Ly) ~ LiL,*~1 for
whereH(1,2) is the interaction energy between the two SAWs Lj/L, — co. It implies
and the average is taken over pairs of walks of lerigtland

L, such that the distance between their centers of mass is AF(A) ~ AL2 L J0M88 for ) — oo
(4) the effective three-body potential between the centers of _— 01188
mass of three polymers of length, L,, andLs: AX(A) ~ A ~A T fora—0 (10)
Pus(riar 13k Lolgf) = A similar relation can be derived far.(£;4). Indeed,Ax*(1)
@—ﬁH(l,2)—ﬁH(1,3)—ﬁH(2,3)D andv«(&;A) are related by

1271323

n 4 w0 (e
@*ﬁH(l,Z)le@*ﬂH(1,3)|;|13@*ﬁH(2,3)|;]23 ) AF(2) = 21/27![3”2(1 + lZV)3/2 j(’) dé 52[1 _e Lm(&i)]( )
11
wherer; is the distance between the centers of mass of walk
andj.
The second virial coefficient is not universal. A universal
guantity is obtained by considering the following dimensionless

For A— 0 the pair potential must go to zero. Indeed, in the
scaling limit the polymer behavior does not depend on the
solvent properties: in other words, the presence of molecules
that are small compared to the polymer size does not change

ratio: the universal properties of the polymer unless it drives the
By(Ly,Ly B) solution into the poor-solvent regime. In the liniit— 0, the

AL L) = 7 7 (5) solution can be represented as a solution of long polymers in

Rg(L1§ﬁ) Rg(l—ziﬁ) which short polymers are also considered as part of the solvent.

Thus, at the coarse-grained scale, one should only consider the
interactions among long polymers, implying that the pair
potential between a long and a short polymer is zero. Thus, for
A— 0, we have

whereRy(L;p) is the gyration radius at zero density.
According to the renormalization group, in the good-solvent

regime any zero-density universal ratidthat is a function of

L, andL, scales &¢

HLplsf) = D) + 3B L) Y+ (6) AF) 20 [T o) (12)

with 2 = Ly/L, andf4(1) = 1 (normalization condition). The ~ We shall see below that the effective pair potential is strictly
leading functiono?*(A) is universal as well as the correction-  Positive. Thus, by using eq 10, we obtain for- 0 the relation
to-scaling functiorf /(1) and the exponer. On the other hand, 31

the coefficienta(8) is model dependent. Sinca is quite Vval(§14) = A7 g(8) 13)
smalll” A = 0.515 + 0.007535 scaling corrections are
usually the main source of error in high-precision estimates of

polymer universal properties. There are, however, a few methods Knowled A1) all d ine the low-densi
that allow us to obtain more precise estimates. One possibility nowledge ofA;*(4) allows us to determine the low-density

is to use thes dependence af (8) and work aj8 = %, where behayior of the osmotic pressurkand of th_e den_sity <_:orr_e|at_ion
BoPt is such thata,(3°") = 0. The valuef°P satisfies an functionS(q) atq = 0 for a general po_Iydlspersﬂy distribution.
important property: it does not depend on the observahle We assume that th? polymgr spluuon contains polymers of
For the SAW model on a cubic lattite3°Pt ~ 0.054. Another d!ffe'rent. length L with Q|str|but|on P(L). We assume the
possibility 8 which will also be used here, consists of performing distribution to be normalized so that

simulations at two values @8, 51 and 3, and consider the

where vo(&) is a positive function. Such a relation gives the
rate by which the effective pair potential vanisheslas- 0.

combination ZP(L) =1 ZLP(L) =N (14)
Sopt = pA(B) + (1 — P)(B,) 7 whereN is the average polymer length. For small densities the

In general, there is a an observable-independent viadptesuch osmotic pressure behaves as

that 9%yt does not have leading scaling corrections. For the SAW BIT - )

modell8 if ;= 0 andf, = 0.1, pop = 0.46 + 0.04. i 1+ B;(P)p + O(p) (15)
The pair potential shows a scaling behavior analogous to that

given in eq 6: where

BrriLiLsiB) = vu(E:4) + 3 (B)u(EA(LL) 2 + .. (8) BY(P) =S P(Ly) P(L,) By(L,L,) (16)

Ly
with 4 = Ly/L, andve(0;1) = 1 (normalization condition). The o

quantity£ is a dimensionless length scalé:= r/Rs. The scale andp is the polymer number density. Note that in experimegBIV
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work one defines a different virial coefficient by writitfy

11 1
RT_ M_ + BZ expPw + O(pwz)

17)

wherepy, is the ponderal polymer concentration avid is the
number-averaged molecular weight, = mNNy, m being the
mass of a single monomer ahil the Avogadro number. The
two quantities are related by

G -

For the analysis of scattering data the relevant quantity is the

density correlation function:

Sa) = [ ré"e(r) —o)(c0) — 90 (19)

wherec(r) is the local monomer concentration anitis average.
For g = 0 we have (see ref 3, eq A 15.10)

S0) s 2
— =1 2oBS+ O(p?) (20)
pZLZP(L)
where
Z L,L,P(L,) P(L,) By(L,,L,)
B(P) =~ &)

ZLZP(L)

For a monodisperse soluticBg’ = BS = By(L,L). The virial
coefficient B§(P) can be related to that used in experimental
work. There, one usually considers the scattering intehgey
zero scattering angle that has an expansion of the4brm

Kow 1
T = T Boebuw + Op)
0 w

(22)
whereK is a constant anil,, is the weight-averaged molecular
mass,M,, = mN,y 5 L2P(L)/N.

Sincelp O S0), it is easy to derive the relation

S
s _N:BIP) 3
2,expt M.-M
ntw
Finally, we consider the intramolecular form factor
F@) = ——XZ@WWWD 24)
mon m

wherem labels the polymers present in the solutiod? is the
position of monomesa belonging to polymem, and Nmon is
the total number of monomers. Fqr— 0 we have

2
F(@) =1 - 3R,/(P) + O(d) (25)

where
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Zﬁwmﬁm

ZLzP(L)

is the so-calle-average of the radius of gyration. Since this
quantity is directly accessible experimentally, we will use
Ryz(P) at zero density as a measure of the average polymer
size. As before, we consider the invariant ratios

R,/ (P) = (26)

B> (P)
AY(P) =—2 27
2 (P) R P) (27)
BX(P)
AXP) = —= 28
2P) R, P) (28)

where the gyration radii are computed at zero density. In the
case of polydisperse systems the scaling limit corresponis to
— oo, Moreover, we must assume that the polydispersity
distribution assumes a scale-invariant form

P(L) = Sp(LN) (29)

with

Jdypy)=1, [dyypy) =1 (30)

Then, in the scaling limitN — c we obtain the relations

~3/2

A
AJ(P) = mf dy dz p(y)p(2)(y2)*"*A*(y/2)

112

AP) = sz dy dz p(y)p(2)(y2)>"* A (y12)
<1

A= [dy y¥"p(y)
Az = [dy yp(y)

A realistic distribution is the Schultz distribution. It depends
on a parametes and is explicitly given by

(1)

o°
ya—le—ay

) (32)

p(y;0) = =~

In this case we obtain

(0 + 1)¥%6°T (20 + 3v)

I1 —
(o) = [(o + 1) (0 + 2v + 2)*?
o (L = ] A (ul(1 — ) (33)
A?(a) _ (0 + 1)Y%I'(20 + 3v + 2)

(o + )Y (0 + 2v + 2)*2
o (1 = )" A ul(L — ) (34)

We also determine the virial coefficients for a bimodal distribu-
tion, i.e., for the ternary system in which there are two polymer
species with the same chemical composition but with different
lengthsL; andL: CDV
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ply) = ooy —y) + (1 —a)o(y —¥o), Y=L/N (35)
whereN = alL; + (1 — a)L,. Settingd = yo/ys = Lo/L; andp
=1- qa, we find
A (ad) =

(o + BAD¥(® + BAZ)AK(L) + 2082 2A(A)]
((1 +ﬁ12+21/)312

(36)

Aah) =
((1 +ﬁlz)1/2[(a2 +ﬁ212+3V)A2*(1) + Zaﬁl:HSV/ZAZ*(}.)]

(0. + ﬁ/12+21/)3/2

(37)

Itis also interesting to consider the following quantity that does
not contain any length scale and is easily accessible experi-
mentally32!

Bg,exp{P) — leBg(P)
Boepllold)  (aL,® + ALAB,L,L,)

Rya.) = (38)

For this quantity we obtain

((x2 + ﬁ2/12+3u)A2*(1) + 2(1,8/11+3"/2A2*(/1)
AX(D)(a + pa%)?

R(aA) = (39)

3. Zero-Density Results

We have performed an extensive set of simulationg3fer
0.0 ands = 0.1, considering SAWSs of lengthvarying between
50 and 16 000. We have determinef(L;,L;5) and
Pua(r;La,Ly;B) for 321 pairs ofL; andL;, (L1 < Ly), considering
ratiosA as small as 0.006 25. We used the pivot algorithm to
generate the walks15 and the hit-or-miss algorithm to compute
the second virial coefficierfg

The results forAx(L1,L;3) for f = 0 are reported in Figure
1 (top) as a function of. Of course, because of the symmetry
A — 1/4, we only consider the cadg < Ly, i.e.,A < 1. AslL,
andL; increase, points clearly approach a universal function of
A. Note, however, that there are significant scaling corrections.
Faster convergence is observed for the optimal combination (7)
which is reported in Figure 1 (bottom). In this case, we fise
= 0, 2 = 0.1, andpopr = 0.046. On the scale of the figure,
essentially all points collapse on a single curve. We also check
the small4 prediction (10). For this purpose, we consider

1-3v/2

Ll
ALy LB)

2 2
1+L2

f(LuLyp) = (L (40)

In the scaling limitf (L3,L,;3) converges to a functioft (1),
such that, if prediction (10) is correcff(0) is finite and
nonvanishing. This is indeed observed in Figure 2, where we
plot the optimal combinatiofyp{L1,L2). In this figure, one can

appreciate scaling corrections that are clearly less than 1%. The

function f*(1) shows a tiny dependence ohthat can be
parametrized by a polynomial im = /(1 + 22) (we use this
particular combination to ensure the symmetry- 1/1). A fit
constrained to reprodud®*(1) = 5.494 (ref 18) gives

A(A) = Ha+ bu + cu’)

with a=4.611,b = 1.153, anct = —0.510. This result can be
compared with the renormalization-group predictiéA%24The

(41)
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Figure 1. Normalized second virial coefficient as a functionof
Li/Lo. In the upper plot we report the results #(L1,L2;3=0); in the
lower plot we report the optimal combinati@a o,{L1,L2). To identify
the scaling corrections, we use different symbols dependirg ¢ne
length of the shortest polymer).
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Figure 2. Results forfoy(L1,L2) as a function ofl = Li/L..

one-loope expansion gives
a=f*(0)=A*(1)|1— §(4 In2—1)|~4.28 (42)

where we have used the Monte Carlo estinmfstgl) = 5.494

and we have set= 1. This is reasonably close to our estimate
f*(0) ~ 4.61, the difference being7%. The ratid *(0)/A*(1)

has also been determined experimentally. Reference 21 quotes
0.95+ 0.08, which is in reasonable agreement with our estimate
0.84.

It is difficult to estimate the error on the parametrization (41).
An estimate can be obtained by computing the fixed-point value
o* of the four-point renormalized coupling used in field-
theoretical approaches. With the standard normalization used
in field theory, we hav¥&®

(R, e)3/2

JT

T'(3v+2y)
T(y)"I(y + 2v)

g* 3/2‘/:0(11 }'31//2+y—1(1+

ATTEAKA) (43)

wherey is the partition-function critical exponent ariR}e =
R/R?, R being the average squared end-to-end distance.
Using"?526 Rye = 0.15995+ 0.00010,y = 1.1575+ 0.0006,

andv = 0.5876+ 0.0001, we obtairg* ~ 1.401. This is mCDV
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Sw Figure 6. Effective pair potential at full overlap as a function/bi&
Figure 4. Results forR5() for a bimodal system as a function &f. Li/Lz. In the upper plot we repofvy(r = O; Ly, Lo;8 = 0) and in the
Herel = Lj/L,. lower plot the optimal combinatiofivzop(r = 0; L1, Lo).

good agreement with the estimates obtained by using field theoryFor ¢ — 0 we obtainAg(g) ~ 1.427% and Agl(o') ~ 1.93%2

and high-temperature expansidtis:® g* = 1.40+ 0.01. The For large values ofs, the distribution becomes narrow and

nice agreement indicates that the error should be safely belowcentered at 1, so that we recovexo) ~ A*(1) ~ 5.494 with

1%. corrections of order 4. Foro 2 30 a good approximation is
Using the parametrization (41) and the expressions reported

in the preceding section, we can compute the second virial AX(0) ~ 5.494— 16.3b All(0) ~ 5.494— 2056

coefficient for bimodal systems. In Figure 3 we repaﬁ(l) (45)

andAg(/l) as obtained from eqs 36 and 37 as a function of the

number fractioro of the polymer of lengtlh, for several values For o = 1, the case in whiclp(x) = e, we obtainAi’(l) ~

of A = L/lu. Fora = 0 anda = 1, A} = A5 = A*(1) ~ 1.246 andAl(1) ~ 0.714.

5.494. For intermediate values these functions become signifi-  The behavior of the pair potential can be derived analogously.

cantly small and have a deep minimum o= o, with o — In Figure 6 we report the effective pair potential at full overlap
0 asi — 0. In Figure 4 we repoiR5(4) for several values of (r = 0) for § = 0 (top) and for the optimal combination
in terms of the variable (bottom). The data collapse on a single curve, as predicted by
renormalization group. Also, the asymptotic formula (13) (with
ale a vo(0) = 0) is well verified. The data are well fitted by the simple
Ew= (44) formula

al2+pAL2  a+pA°

This function is in very good agreement with the renormaliza- Vo(§=0:4) = u*"**{a + bu + cu® + du’) (46)

tion-group prediction’s® and with experimentstin particular,

for eachA it is a decreasing function @, and does not show  wherea= 3.4147,b = 2.3818,c = —11.353,d = 9.9554, and

a maximum at some intermediate composition, as predicted byu = A/(1 + 4?). Renormalization-group predictions have been

Flory-type smoothed density models (see the discussion in refsobtained in ref 31. However, they are very imprecise. At leading

3 and 21). order they predica = lim;—ol13v.(E = 0:A) = (9/4 + +/37)
Given A*(4), we can also determinA?(a) and A?(a) for ~ 7.7, to be compared with our resalt~ 3.41. At one loop,

the Schultz distribution. The results are reported in Figure 5. using the results reported in their Figure 3, ladé = 0;4) ~ CDV
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L, = 16000 Table 1. Three-Body Potentialfv3(0,0,0L1,L1,L3;8) at Full Overlap
0 'flgggg — for p = 0.054
b [}=2500 A L1 Ls Pus
0.8 L4=1500
s 1 L=750 0.125 125 1000 —0.260(13)
o6/ p12300 e 0.125 250 2000 —0.256(10)
= 7 0.25 250 1000 —0.421(23)
04 0.25 500 2000 —0.364(15)
0.2 1 1000 1000 —0.478(13)
g 1 2000 2000 —0.464(10)
0.0 : : S 4 1000 250 —0.409(21)
00 05 10 15 20 25 4 2000 500 —0.384(13)
MRs 8 1000 125 —0.318(12)
F|gure 7. Results forBvo(r;L1,L; ﬁ)/ﬂuz(o L1,L2;3) as a function o 8 2000 250 —0.305(9)

= r/R.. HereL, = 16 000 ands = aHered = Li/Ls. The number in parentheses gives the error on the last

reported digits.

0.1

. 00+
~ =2
3 : 3
I I )
2000,50 +—— ﬁ% ﬁ - =
el s
015 1 200500 —a &

0 1 2 3 4 5

g

Figure 8. Results forAv,ep(r;Ls,L2) vs & = r/Rs for four different

pairs ofLy andL. Figure 9. Results foBus(rr,r;Ly,L1,Ls) as a function of = r/Rs. Here

A = Li/Lzandf = 0.054 (optima)s); the largest of the two lengths

—1.8 for logA = —3, one obtaing ~ 1.6, that is still far from andLs is alwaysL = 2000.

our estimate.
To determine thé dependence af.(£;4), we consider the
rescaled quantity

verify the cancellation, we have computed the three-body
potential forri, = ri13 = r,3 = 0 also for a second set of walks
in which the longest one has= 1000. The results, reported in
Table 1, show that scaling corrections are small compared with
the error bars. In Figure 9 we giyevs(r, r, r; Ly, Ly, Ls; B =
0.054) for an equilateral configuratiom, =riz3=r,3=r. Itis
evident that the three-body interaction decreasds//as — 0

or Ly/Lz — oo, consistent with the idea that the effective potential
goes to zero when the length of some of the walks is much
smaller than the length of one of them. Qualitatively, the three-
body potential shows the same behavior for all values. df

is always negative in the ranges< 2, andfvs(0, 0, 0)Buy(r =

0) is approximately—1/4 in all cases. Only the range of the
potential is slightly different. Fok = 1 it becomes essentially

) ) ~ zero for& ~ 1, while for the other values of it vanishes
and use the precise results of ref 18 for the effective pair gpnroximately fors ~ 1.5-2.

potential v..(§;1) between two polymers of equal length. To
identify the corrections, in Figure 8 we plot

Avy(r;Ly,Lp) = pu(riLy L) — Uapproig;l)

as a function of, for the optimal combination. It is evident
that corrections are tiny, except fosmall, sayl < 0.1, where
approximation (48) significantly overestimates the pair potential
in the region§ ~ 1-5. BII _¢ 3
The coarse-graining procedure gives rise to higher order 7_ H(pRg,Z)
interactions beside the effective pair potentidkor small
densities, the most relevant one is the three-body potential. Wewhere p is the polymer number density ariyz is the zero-
have computed this quantity fors, ris ros < 2Rs for the case densityZ-averaged radius of gyration introduced in section 2.
L; = Ly and a few values dfy/Ls. The calculation is extremely  (This choice is motivated by convenience; any other quantity
CPU intensive, and thus, for each valuelLefl; we have only related to the size of the polymer would work equally well.)
considered one palrs, Ls. The longest walk has always= The scaling functionf(x) depends on the polydispersity
2000, while the shortest one has been chosen such as to obtaidistribution but is independent of chemical details. For small
the appropriate length ratio. Without a proper extrapolation, data it behaves a§;(x) = 1 + AE(P)X + O(x?). Expression 50 may
may be affected by corrections to scaling. To minimize them, be experimentally inconvenient since it requires an independent
we performed runs gt = 0.054, which is the value g for determination oRyz at zero density. One can avoid the use of
which leading scaling corrections approximately cafgdio Ryz by writing CDV

pultiLyLzf)

Buv(O;Ly,LB)
In Figure 7 we report this function fg# = 0, L, = 16 000,

and several values df,. On the scale of the figure, in the

reported rangé& < 1.5, all data that correspond to different
values ofl collapse on a single curve. Thus, we can write

U(§;1)
U(0;1)

BurLyLyB) = (47)

Veo(§i4) A VapprodEi4) = V(& = 034) (48)

4. Osmotic Pressure and Structur Factor in the Dilute
Limit

4.1. General ResultsWe now wish to use the results of
section 3 to compute the osmotic pressure and the intermolecular
structure function. In the scaling limit the osmotic pressire
can be written as

(49)

(50)
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pIl

A ive the same result, and thus the HNC closure provides a
= fuleB2) 1) ¢ g

consistent thermodynamics. We have computed the pressure
o . . . . using both methods, verifying that they give the same value
The functionfr(x) is also independent of chemical details and for I1. This provides a strong check of the correctness of our

is normalized so thafh(x) =1+ x + O(®. In the following numerical programs.
we shall report results in terms pBéI but note that results in Beside the osmotic pressure, we also compute the intermo-
terms of pRyz® can be obtained by usingRy* = pBglAg(P) lecular structure factor defined by

and the results of section 3 f@é‘(P). 1
In this paper we only discuss the dilute regime. For mono- . i (rm—rf)
disperse systems it corresponds to densjiies p*, where Shtedd) = v z (e U (57)

m=n aem ben
1 4n
— = ?Rgs (52) whereV is the volumem, n label the polymers, and, b refer
p to the monomers that belong to polymensandn. Within our

and Ry is the zero-density radius of gyration. In terms of coarse-grained model it is not possible to deterntig{(q)
pBa(L,L), p < p* corresponds topBy(L,L) < 1.3. Roughly exactly. In the monodisperse case, a precise approximation (at
speaking, the dilute regime corresponds to the range of densitiedeast for qRy < 8) has been proposed in ref 33. Their
in which the virial expansion holds. In the polydisperse case, approximation can be easily generalized to the polydisperse case
especially if the distribution of sizes is broad, it is not clear (see Appendix). We first rewrite the intermolecular structure
how to characterize the dilute regime in terms of the size of the factor as (as usual, we neglect here end effects)
polymers. It is instead natural to identify it with the range in R
which pB} < 132 This is the regime that will be considered Shie@) = pZZxaxﬂLaLﬁhmmﬂ(q) (58)
below. o

To determine the osmotic pressure as a functiop &@r a R ) ] )
generic polydispersity distribution, we will use the coarse- Wherehmmgs(q) is the monomermonomer correlation function
grained potential derived in section 3; i.e., we schematize the @1dX: andL, are respectively the number density and the length
polymer solution as a mixture of point particles distributed ©Of Polymers of typeo. In the Appendix, generalizing the
according to the polydispersity distribution and interacting by argument of ref 33, we relate the monomeronomer correla-
means of the zero-density coarse-grained potential. To determindion function to the correlation function between the centers of
the thermodynamic properties, we use the integral-equation Mass of the polymerhqs(q) computed in the coarse-grained
formalism? Given a mixture oM different species labeled by ~ Model. This gives us the relation
the indexa (each species corresponds to polymers of length
L.), we define the direct correlation functions(r) by the , wﬁ,‘}r)n(q)w%(q)A
Ornstein-Zernike relation Shie@) = p quxﬂLaLﬁ haﬁ(q) (59)

y z o&(@al)a)

Mos(k) = Coplk) + pgx’lc‘“(k) (k) (53) where 0 (q) and 0{®)(q) are form factors defined respec-

tively as
wherehys(r) is the pair correlation functiorﬂ,ﬁ(k) andCyp(k)
are the corresponding Fourier transformsjs the number 1 Lelbe
density of the mixture, and, is the number fraction of the o®(q) = ZZ@WUH_”})Q (60)
particles (polymers) of type.. To solve the thermodynamics, L, +14&06=
one needs a closure relation betwégp(r) andcys(r). We will .

o

use the HNC closure
hos(r) + 1= exp[=Bues(r) + hys(r) — cue(r)]  (54)

whereuvqs(r) is the potential between particles of typeandp. where [3Ld indicates the average over polymers of species
In ref 10 it was shown that the HNC approximation is very andrcy is the centgr-of-_mass position. In ref 33 it was s_hown
accurate for soft-core potentials. The pressure may be computedhat & good approximation far not too large, sagR; < 8, is

w(canz(q) = Z@Q'(rfrcm)q (61)
a=

either by using the virial equation obtained by using the form factors valid for ideal polym#rs:
I 21 m 1 @) = 2(c 2
AL 3P 2% O 0B ) = (1) L 1omn@ = 67 = 14x)
P Y (55) 1 " N
o _ VI X
or by using the compressibility route, which requires the L, + 1wcm(q) X € erf(/2) (62)
integration over density of the direct correlation function at fixed
composition: where erfg) is the error functionx = qRyq, and Ry, is the
Il radius of gyration of polymers of species Below, we will

T —1- }fpdo oS x x:& .(k = 0; 0) (56) use eq 59 with the form factors (62) to compute the intermo-
0 ; oTop ’ lecular structure factor
P P :
In the scaling limit, the intermolecular structure function
Here C.p(k = 0O; o) is the zero-momentum direct correlation satisfies a scaling relation analogous to that of the pressure.
function at density. For soft-core potentials the two definitions  Indeed, we have CDV
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Snter(q n I 3.0 ) ) ' ' " 2
3(q) = — = f{aR,pR) = f{qR,.0B})  (63)

P olo

It is easy to verify that the functiorfig(gRy,0B5), which
depends only on the polydispersity distribution, satisfii&&x)
= —2B3/BY for x — 0. 10
4.2. Bimodal Polydispersity.In this section we consider a '
ternary system in which there are two polymer species with
the same chemical composition but with different degree of
polymerizationL; and L,. As before, we sef = L,/L; and
indicate witha. = x; the number density of polymers of length
Li1. In Figure 10 we reporZ = fI1/p vs pRyz® and pBZH. Itis
computed by using the HNC integral equations and the
approximate potential (48). It is evident m‘; is the most
natural variable. Indeed, all mixtures have approximately the
sameZ at the same value qug Polydispersity is essentially
encoded in the variabIan, the additional dependence being
quite small. Note that this approximate independence is not 0 1 2 3
trivially due to the fact thaZ is well approximated by the first PRgz
two terms of the virial expansion. As can be seen in Figure 10, Figure 10. Pressure for bimodal solutions. Results fifl/p as a
Z is significantly different from 1+ pB}. Note also that for ~ function of By (top) andpR,z* (bottom) fori = 0.1, 0.5 and a few
large densitie< is approximately linear. As discussed in ref Values of a. In the upper plot we also report (thin line) the
10, this is a general result for soft-core potentials. Of course, in 2PProximationfIlip = 1+ BZp.
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a polymer system this behavior holds only in some intermediate A=0A1
range of densities. Ap increases, higher order interactions 0.02
become important, and eventuallyscales aszZ ~ r/-1)~ 0.00 ke
r-311 In the intermediate linear regime, the pressure can be 20.02
computed directly in the random-phase approximation, which T 004 -
cprresponds to takingus(r) = —wap(r). The pressure is then i 006 " =005
given by 008! =02
BT P 010 uzg:?
= 1+_%Xaxﬁfd3r ) 0120 02 0.40'?)46 08 10 12 14 16
P 2 B
2
=1+ A=05
Byo o+ A% + 2a[(1 + 42)/2]* v, (0:4)/v,,(0;1) 0.002
2 % 2 L 2213 n % 2n %
(o + BAT)AX (L) + 2082177 A*(A)
(64)
where =0.1
By
v,= [ v (r;1)~ 14.31 65 — :
P f = (&) 0-00% 502 04 06 0810121416
To identify better the deviations from the monodisperse case, B3p
we consider Figure 11. Pressure for bimodal solutions. Results Rfo,4,X) —
Rnd(X) as a function ofx = ng for A = 0.1 (top) andi = 0.5
R(ﬂ.,a,B 0) = (ﬁH 1)T (66) (bottom) and a few values af.
P B2p R(1,0.,x) andRng(x) reported in the figure first increases rapidly
which satisfies with a, is maximal fora. ~ 0.05, and then slowly decreases
toward zero ast — 1. Note that the rapid variation & with
R(1,0X) = R(4,1X) = R (X (67) o is similar to that observed iA? andA§ (see Figure 3). For
smalla the behavior of the solution is very sensitive to changes
R(A,a,X) = 1+ O(X) forx—0 (68) in the density of the (rare) long polymers. On the other hand,

whena is close to 1, little changes when varying the density of
whereRn¢(X) is the same quantity in a monodisperse system. the short polymers.

In Figure 11 we reporR(4,a,X) — Rna(X), X = Bglp, for A = In ref 5 it was shown that the estimates of the pressure
0.1 andi = 0.5. Ford = 0.5 differences betweeR(4,0.,x) and obtained by using the zero-density pair potential are lower than
Rmd(X) are tiny. Their difference is zero far = 0, increases  the correct result. This is due to the neglect of the three-body,
until o ~ 0.3, and then decreases again. Bg{p = 1 the four-body, etc., interactions. Their effect is not large in the dilute

difference is at most 0.007. Fdr= 0.1 deviations are larger  regime. Using the density-dependent potential reported in ref
by approximately a factor of 10. The absolute difference of 35 and the HNC closure, we obtain that the correct pres&lﬂ%
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Figure 12. Intermolecular structure factor for bimodal solutions.

Results forZ(q) as a function ofgRyz at ng = 1 for 2 = 0.1 (top)
andA = 0.5 (bottom).

(computed by using the compressibility route, see ref 36) at
B,p = 1 for a monodisperse system is only 7% larger than that
computed by using the zero-density potential. An analogous
correction is expected in the presence of polydispersity.

We have also considered the intermolecular structure factor.
The previous discussion indicates that a meaningful comparison

should be done at fixed values pr. In Figure 12 we report
the scaling functior(q) for Bglp = 1 as a function ofjRyz.
For 2 = 0.5 polydispersity effects are tiny and not visible on
the scale of the figure. Fot = 0.1 the dependence an is
somewhat larger. Fogq = 0, Z(0) first decreases abruptly,
reaching a minimum foo. &~ 0.05, and then increases slowly
again asu increases toward 1. This is very similar to what is
observed for the pressure. Fgr= 0, the behavior is similar:
>(q) first decreases, reaching a minimum agdependent value
a(Q), and then increases again. Apparentl{q) decreases ap
increases: fogRy = 2 (3) we haven(q) ~ 0.01 (0.005). Note
finally that 2(q) ~ 0 for gRyz = Qo with Qo ~ 4 for the
monodisperse case. In the bimodal case, fPstincreases
rapidly asa increases, untitt ~ 0.005-0.01, and then slowly
decreases toward the monodisperse valyes 4.
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Figure 13. Osmotic pressure for the Schultz distribution. Results for
R(o,X) — Rnd(X) as a function ok = anp for a few values ob.
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Table 2. Estimates ofR (See Eq 66) fore = 1 and anp =1, 1.5 for
Several Values of the ParametersV, A, Ar/Ryz, and Np

M L Ar/Ryz Np Blp=1 BYo=15
25 103 0.01 1024 1.1435 1.1664
50 103 0.01 1024 1.1448 1.1678
100 103 0.01 1024 1.1453 1.1682
25 104 0.005 2048 1.1418 1.1646
25 104 0.01 4096 1.1419 1.1646
25 104 0.02 1024 1.1419 1.1646
50 104 0.02 1024 1.1439 1.1667
100 104 0.02 1024 1.1445 1.1674

o, 1 < a < M, corresponds to polymers of length

Ly 1
Nt e (69)
The corresponding number fraction is
_1 v s _La Ay
X = [l PO Ay Y =S (70)

where K is a normalization factor ensurinjix, = 1. The
continuous distribution results are obtained for- 0 andM

— oo, Since we are dealing with a broad distribution of lengths,
one should also carefully check the grid sixe/Ryz and the
number of pointsN, used in the solution of the integral
equations. Values of the varialiRdefined in eq 66 are reported
in Table 2 foro = 1, BYp = 1, 1.5, and several values of the
parameters. It is clear th&t, = 1024, Ar/Ryz = 0.02,M =
100,A = 104is fully adequate. The dependenceMrandA
decreases with increasing and foro = 10 we obtainR =
1.1554 B}'p = 1) andR = 1.1880 B}'p = 1.5) for all values

of the parameters used in Table 2. In the following we shall
report results obtained by using = 100 andA = 1074 The

For the monodisperse case, exact simulation results arediscrete distribution obtained for such values of the parameters

reported in ref 33. Comparing with those obtained here for the

gives a very precise approximation of the continuous polydis-

monodisperse case, we see that the use of the zero-density paipersity distribution.

potentials gives a quite good approximation. We expect therefore

that also our polydispersity results in the dilute region are

In Figure 13 we reporR, as defined in eq 66, for several
values ofo. The dependence anis tiny, and foro 2 5, results

reasonably precise. In analogy with the discussion of the osmoticcannot be distinguished from those of a monodisperse system.
pressure, it is probably safe to assume that the error is less tharin Figure 14 we give the intermolecular structure function

10%.

4.3. Schultz Distribution. The analysis of systems distributed
according to the Schultz distribution is more complex since we
are dealing with a continuous distribution of lengths. To perform
the calculation, we work as follows. Given the polydispersity
distributionp(y) defined in eq 32, we first choose a numbler
< 1 and determine the intervaly] y»] such thatp(y) = A for
y1 =y <y (for 0 < 1 we havey; = 0). Then, we choose an
integer M and defineAy = (y, — y1)/M. The polydisperse
solution is approximated by a mixture bf different species,

2(q) for several values oBglp andgRyz. Also in this case the
dependence on is small.

5. Conclusions

In this paper we have studied the effect of polydispersity on
the behavior of polymer solutions in the good-solvent regime.
First, we have focused on the second virial coefficient and on
the effective pair potential between the centers of mass of two
polymers of length; andL,. Results are given for systems in
which polymers of two different lengths are present and for

each species representing a polymer of different length. Speciesystems in which the polydispersity distribution follows tEBV
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BYp =05 39), and thus, even with long polymers, we expect sizable
0.2 deviations from the scaling limit determined here.
_Z'Z I Acknowledgment. The author thanks Jean-Pierre Hansen
= 0'4 for useful discussions and suggestions.
. 06 Appendix. A PRISM Approximation for the
08l Monomer—Monomer Correlation Function
10 To compute the intermolecular structure function, we need
to relate the monomemonomer correlation function to the
coarse-grained correlatidn,(q). We will generalize here the
expression obtained in ref 33 for monodisperse systems. For
02 convenience, we relabbls(q) ashecqs(q) to emphasize that it
0.0} corresponds to the center-of-mag®enter-of-mass correlation
021 function. Then, we introduce the center-of-massonomer
T o4l correlation functiorhemgs(d), the corresponding direct correla-
W tion functions, and assume, as in ref 33, that only the monemer
06 monomer direct correlation functidihmqs(q) is nonvanishing.
0.8 Then, we consider the PRISM Ornsteifiernike! relation. With
1.0 the above-reported assumption on the direct correlation func-

C
0 ! 2 qRSgZ 4 ° 6 tions, we can write
Figure 14. Intermolecular structure function for the Schultz distribu- (A ® (@A 0
tion. Results for2(q) as a function ofgR,z at By p = 0.5 (top) and habﬂﬂ @ amCmm o @bm e zwamcmmwxyLyhmb,yﬁ (72)
anp = 1 (bottom) for several values of. v
)

) ) ) wherea andb may be eithem or c, andwgm are the polymer
Schultz law. Knowledge of the effective pair potential allows form factors defined in section 4.1. All functions depend on

us to determine the osmotic pressure and the intermoleculariye wave vectoq that has not been explicitly written. Then,
structure factor in the dilute regime. We show that the natural yefine

variable inglp (or equivalently the dimensionless quantitly

BS..,ow): Systems with different polydispersity distributions 0@ p?

,exp! X I H _ _mm mmh (73)
have a_pproxmately the san®&1/p at thesamevalue ofB, P abo =" () (g abap
In particular, the dependence on the Schultz parameter is tiny, Dam@bm

and foro = 5, the behavior offI1/p as a function oiBE,o is
practically equal to that occurring in a monodisperse system.
We have also computed the intermolecular structure function _ (@a ® (@) a
generalizing the results of ref 33 to a polydisperse system. Habas = @mnCmmos@mm + pzwm”pmmWXVLyHmb’Vﬂ (74)
Again, polydispersity effects are small when one compares the v

structure functions at the same valueBjfo. Then, we obtain

All the considerations presented here apply to the good-
solvent regime, and thus our results are only predictive far from  Hapos = Hmmop = Pzwﬁgr)némmw&Ly(Hmb,yﬁ )
the @ point. Approaching thé point significant deviations occur. v (75)
A proper parametrization of this crossover, along the lines
discussed in ref 18, will be presented in a forthcoming This set of equations is solved by taking
publication.

Equation 72 implies

Finally, we should mention that our results also apply to Habap = Hinmas (76)
solutions of polymers of different chemical composition. Indeed, hich imolie
as discussed in refs 3, 24, 37, and 38, the difference in the natureV'cN IMplies
of the polymers gives rise to new scaling corrections (see ref @ (B
) . o W@
39 for a precise numerical determination) but does not change A — —mmTmma 77)
the universal behavior in the scaling limit. To apply the present mm.af wg?%wb(ﬂn)] abaf

results to multicomponent solutions, one should realize that the
degree of polymerization is not a meaningful variable in the References and Notes
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