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ABSTRACT: We study the behavior of dilute polydisperse polymer solutions in the good-solvent regime. We
compute the second virial coefficient for polymers of different degree of polymerization and for general
polydispersity distributions. We also determine the effective center-of-mass pair potential for polymers of different
length. These results, combined with the integral-equation formalism and the hypernetted-chain closure, allow us
to determine the osmotic pressure and the intermolecular structure function in the dilute regime for general
polydispersity distributions.

1. Introduction

In the limit of a large number of monomers, polymers show
a universal scaling behavior.1-3 Indeed, global polymer proper-
ties can be characterized in terms of exponents and dimension-
less ratios that do not depend on chemical details on a molecular
scale. Many theoretical works considered the behavior of
monodisperse solutions: all chains have the same number of
monomers. However, from the experimental point of view, it
is of interest to discuss the effects of polydispersity, i.e.,
solutions of polymers of different length. In this paper we
consider polymer solutions in the good-solvent regime, i.e.,
above theθ-temperature. In this regime chains are swollen, and
the typical size of the polymer scales asLν, whereL is the
number of monomers (degree of polymerization) andν is a
universal exponent,4 ν ≈ 0.5876.

We first consider the zero-density limit. We determine the
second virial coefficientB2(L1,L2) for two polymers of length
L1 and L2 and the corresponding effective pair potential
âV2(r;L1,L2). Since we focus on universal properties, we can
use any model that captures the basic properties of polymer
behavior. For this purpose we consider self-avoiding walks on
a cubic lattice. OnceB2(L1,L2) is known, we are able to compute
the first density correction to the compressibility factorZ ≡
âΠ/F, whereΠ is the osmotic pressure andF is the density,
and to the zero-momentum structure function for different
polydispersity distributions.

Knowledge of the zero-density pair potential allows us to
study polymer solutions in the dilute regime. For this purpose,
we consider the coarse-grained fluid model in which polymers
are replaced by point particles interacting by means of the zero-
density coarse-grained pair potential (see refs 5-7 and refer-
ences therein). This approach should be accurate in the dilute
regime in which the effect of the neglected three- and higher-
order interactions that arise in the coarse-grained procedure is
small.8 To determine the thermodynamic properties of the fluid,
we use the integral-equation formalism.9 In particular, we
employ the hypernetted-chain (HNC) closure, which has been
shown to be extremely accurate for soft-core potentials.10 We
focus on the osmotic pressure and on the intermolecular structure
factor that are determined for solutions in which there are two

polymer species with different degree of polymerization (we
call them bimodal solutions) and for solutions with Schultz
polydispersity distribution. All calculations refer to the good-
solvent regime. The crossover toward theθ point will be the
object of a forthcoming publication.

The paper is organized as follows. In section 2 we define
our model and give the definitions of the quantities we compute.
In section 3 we determine the universal scaling function for
the second virial coefficient and for the effective pair potential
for polymers of different length. In section 4 we determine the
compressibility factorZ and the intermolecular structure factor
in the dilute limit for several polydispersity distributions. In
section 5 we present our conclusions.

2. Definitions

Since we are interested in universal polymer properties, we
can consider any model that captures the basic physical
properties of the polymeric system. We consider the well-known
self-avoiding walk (SAW) model on a cubic lattice with
attraction; i.e., we introduce an effective attraction-ε between
nonconnected nearest-neighbor monomers. Ifâ ≡ -ε/kBT is
the dimensionless inverse temperature, the statistical properties
depend in general onâ and on the chain lengthL. However,
for â < âθsâθ is the inverseθ temperature,âθ ≈ 0.269 in the
present model11sthe scaling limitL f ∞ is â independent, in
the sense that dimensionless functions and exponents do not
depend onâ. As we discuss below, we shall use theâ
dependence at finiteL to determine “optimal” quantities that
show a faster convergence to the scaling limit.

We perform a Monte Carlo simulation of isolated SAWs
(zero-density limit) using the pivot algorithm12-15 and measure
the following quantities:

(1) the radius of gyration of a polymer of lengthL:

where the sums go over theL + 1 sites of the chain andr i is
the corresponding position.

(2) the second virial coefficient for two polymers of length
L1 andL2:* E-mail: andrea.pelissetto@roma1.infn.it.

Rg
2(L;â) ≡ 1

2(L + 1)2
∑
i,j

〈(r i - r j)
2〉 (1)
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where the average is over two walks of lengthL1 andL2, the
first one starting at the origin and the second atr1; H(1,2) is
their interaction energy.

(3) the effective pair potential between the centers of mass
of two polymers:

whereH(1,2) is the interaction energy between the two SAWs
and the average is taken over pairs of walks of lengthL1 and
L2 such that the distance between their centers of mass isr.

(4) the effective three-body potential between the centers of
mass of three polymers of lengthL1, L2, andL3:

whererij is the distance between the centers of mass of walki
and j.

The second virial coefficient is not universal. A universal
quantity is obtained by considering the following dimensionless
ratio:

whereRg(L;â) is the gyration radius at zero density.
According to the renormalization group, in the good-solvent

regime any zero-density universal ratioR that is a function of
L1 andL2 scales as16

with λ ≡ L1/L2 and fR(1) ) 1 (normalization condition). The
leading functionR*(λ) is universal as well as the correction-
to-scaling functionfR(λ) and the exponent∆. On the other hand,
the coefficientaR(â) is model dependent. Since∆ is quite
small,17 ∆ ) 0.515 ( 0.007-0.000

+0.010, scaling corrections are
usually the main source of error in high-precision estimates of
polymer universal properties. There are, however, a few methods
that allow us to obtain more precise estimates. One possibility
is to use theâ dependence ofaR(â) and work atâ ) âopt, where
âopt is such thataR(âopt) ) 0. The valueâopt satisfies an
important property: it does not depend on the observableR.
For the SAW model on a cubic lattice18 âopt ≈ 0.054. Another
possibility,18 which will also be used here, consists of performing
simulations at two values ofâ, â1 and â2, and consider the
combination

In general, there is a an observable-independent value,popt, such
thatRopt does not have leading scaling corrections. For the SAW
model,18 if â1 ) 0 andâ2 ) 0.1, popt ) 0.46 ( 0.04.

The pair potential shows a scaling behavior analogous to that
given in eq 6:

with λ ≡ L1/L2 andVc(0;1) ) 1 (normalization condition). The
quantityê is a dimensionless length scale:ê ≡ r/Rs. The scale

Rs is completely arbitrary. Any choice is equally good as long
asRs is a quantity that is related to the global size of at least
one of the two polymers. We choose

The function A2*(λ) satisfies several relations. First, since
A2(L1,L2;â) is symmetric under the interchange ofL1 and L2,
we haveA2*(λ) ) A2*(1/λ). Second, the second virial coefficient
satisfies the de Gennes19 relation B2(L1,L2) ∼ L1L2

3ν-1 for
L1/L2 f ∞. It implies

A similar relation can be derived forV∞(ê;λ). Indeed,A2*(λ)
andV∞(ê;λ) are related by

For λf 0 the pair potential must go to zero. Indeed, in the
scaling limit the polymer behavior does not depend on the
solvent properties: in other words, the presence of molecules
that are small compared to the polymer size does not change
the universal properties of the polymer unless it drives the
solution into the poor-solvent regime. In the limitλ f 0, the
solution can be represented as a solution of long polymers in
which short polymers are also considered as part of the solvent.
Thus, at the coarse-grained scale, one should only consider the
interactions among long polymers, implying that the pair
potential between a long and a short polymer is zero. Thus, for
λf 0, we have

We shall see below that the effective pair potential is strictly
positive. Thus, by using eq 10, we obtain forλ f 0 the relation

where V0(ê) is a positive function. Such a relation gives the
rate by which the effective pair potential vanishes asλ f 0.

Knowledge ofA2*(λ) allows us to determine the low-density
behavior of the osmotic pressureΠ and of the density correlation
functionS(q) at q ) 0 for a general polydispersity distribution.
We assume that the polymer solution contains polymers of
different length L with distribution P(L). We assume the
distribution to be normalized so that

whereN is the average polymer length. For small densities the
osmotic pressure behaves as

where

andF is the polymer number density. Note that in experimental

B2(L1,L2;â) ≡ 1
2∫d3 r1 〈1 - e-âH(1,2)〉0,r1

(2)

âV2(r;L1,L2;â) ≡ -ln〈e-âH(1,2)〉r (3)

âV3(r12,r13,r23;L1,L2,L3;â) ≡

-ln( 〈e-âH(1,2)-âH(1,3)-âH(2,3)〉r12,r13,r23

〈e-âH(1,2)〉r12
〈e-âH(1,3)〉r13

〈e-âH(2,3)〉r23
) (4)

A2(L1,L2;â) ≡ B2(L1,L2; â)

Rg(L1;â)3/2Rg(L2;â)3/2
(5)

R(L1,L2;â) ) R*(λ) + aR(â)fR(λ)(L1L2)
-∆/2 + ... (6)

Ropt ) pR(â1) + (1 - p)R(â2) (7)

âV2(r;L1,L2;â) ) V∞(ê;λ) + av(â)Vc(ê;λ)(L1L2)
-∆ + ... (8)

Rs
2(L1,L2) ) 1

2
[Rg

2(L1) + Rg
2(L2)] (9)

A2*(λ) ∼ λ1-3ν/2 ∼ λ0.1188, for λ f ∞

A2*(λ) ∼ λ3ν/2-1 ∼ λ-0.1188, for λ f 0 (10)

A2*(λ) ) 21/2πλ-3ν/2(1 + λ2ν)3/2∫0

∞
dê ê2[1 - e-V∞(ê;λ)]

(11)

A2*(λ) ≈ 21/2πλ-3ν/2∫0

∞
dê ê2V∞(ê;λ) (12)

V∞(ê;λ) ≈ λ3ν-1V0(ê) (13)

∑
L

P(L) ) 1, ∑
L

LP(L) ) N (14)

âΠ
F

) 1 + B2
Π(P)F + O(F2) (15)

B2
Π(P) ) ∑

L1,L2

P(L1) P(L2) B2(L1,L2) (16)

Macromolecules, Vol. 39, No. 12, 2006 Dilute Polymer Solutions 4185

CDV



work one defines a different virial coefficient by writing20

whereFw is the ponderal polymer concentration andMn is the
number-averaged molecular weight,Mn ≡ mNNA, m being the
mass of a single monomer andNA the Avogadro number. The
two quantities are related by

For the analysis of scattering data the relevant quantity is the
density correlation function:

wherec(r ) is the local monomer concentration andc its average.
For q ) 0 we have (see ref 3, eq A 15.10)

where

For a monodisperse solutionB2
S ) B2

Π ) B2(L,L). The virial
coefficient B2

S(P) can be related to that used in experimental
work. There, one usually considers the scattering intensityI0 at
zero scattering angle that has an expansion of the form20

whereK is a constant andMw is the weight-averaged molecular
mass,Mw ) mNA∑LL2P(L)/N.

SinceI0 ∝ S(0), it is easy to derive the relation

Finally, we consider the intramolecular form factor

wherem labels the polymers present in the solution,ra
(m) is the

position of monomera belonging to polymerm, andNmon is
the total number of monomers. Forq f 0 we have

where

is the so-calledZ-average of the radius of gyration. Since this
quantity is directly accessible experimentally, we will use
Rg,Z(P) at zero density as a measure of the average polymer
size. As before, we consider the invariant ratios

where the gyration radii are computed at zero density. In the
case of polydisperse systems the scaling limit corresponds toN
f ∞. Moreover, we must assume that the polydispersity
distribution assumes a scale-invariant form

with

Then, in the scaling limitN f ∞ we obtain the relations

A realistic distribution is the Schultz distribution. It depends
on a parameterσ and is explicitly given by

In this case we obtain

We also determine the virial coefficients for a bimodal distribu-
tion, i.e., for the ternary system in which there are two polymer
species with the same chemical composition but with different
lengthsL1 andL2:

Π
FwRT

) 1
Mn

+ B2,expt
Π Fw + O(Fw

2) (17)

B2,expt
Π )

NAB2
Π(P)

Mn
2

(18)

S(q) ≡ ∫d3 reiq‚r〈(c(r ) - c)(c(0) - c)〉 (19)

S(0)

F∑
L

L2P(L)

) 1 - 2FB2
S + O(F2) (20)

B2
S(P) )

∑
L1,L2

L1L2P(L1) P(L2) B2(L1,L2)

∑
L

L2P(L)

(21)

KFw

I0
) 1

Mw
+ 2B2,expt

S Fw + O(Fw
2) (22)

B2,expt
S )

NAB2
S(P)

MnMw
(23)

F(q) ≡ 1

Nmon
∑
m

∑
ab

〈eiq·(ra
(m)-rb

(m))〉 (24)

F(q) ) 1 - q2

3
Rg,Z

2(P) + O(q4) (25)

Rg,Z
2(P) )

∑
L

L2P(L)Rg
2(L)

∑
L

L2P(L)

(26)

A2
Π(P) )

B2
Π(P)

Rg,Z
3(P)

(27)

A2
S(P) )

B2
S(P)

Rg,Z
3(P)

(28)

P(L) ) 1
N

p(L/N) (29)

∫dy p(y) ) 1, ∫dy yp(y) ) 1 (30)

A2
Π(P) )

N2
3/2

N1
3/2∫dy dz p(y)p(z)(yz)3ν/2A2*(y/z)

A2
S(P) )

N2
1/2

N1
3/2∫dy dz p(y)p(z)(yz)3ν/2+1A2* (y/z)

N1 ) ∫dy y2+2νp(y)

N2 ) ∫dy y2p(y) (31)

p(y;σ) ) σσ

Γ(σ)
yσ-1e-σy (32)

A2
Π(σ) )

(σ + 1)3/2σ2Γ(2σ + 3ν)

Γ(σ + 1)1/2Γ(σ + 2ν + 2)3/2

∫0

1
dµ [µ(1 - µ)]σ+3ν/2-1A2*(µ/(1 - µ)) (33)

A2
S(σ) )

(σ + 1)1/2σΓ(2σ + 3ν + 2)

Γ(σ + 1)1/2Γ(σ + 2ν + 2)3/2

∫0

1
dµ [µ(1 - µ)]σ+3ν/2A2*(µ/(1 - µ)) (34)
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whereN ) RL1 + (1 - R)L2. Settingλ ) y2/y1 ) L2/L1 andâ
) 1 - R, we find

It is also interesting to consider the following quantity that does
not contain any length scale and is easily accessible experi-
mentally:3,21

For this quantity we obtain

3. Zero-Density Results

We have performed an extensive set of simulations forâ )
0.0 andâ ) 0.1, considering SAWs of lengthL varying between
50 and 16 000. We have determinedA2(L1,L2;â) and
âV2(r;L1,L2;â) for 321 pairs ofL1 andL2 (L1 < L2), considering
ratiosλ as small as 0.006 25. We used the pivot algorithm to
generate the walks12-15 and the hit-or-miss algorithm to compute
the second virial coefficient.22

The results forA2(L1,L2;â) for â ) 0 are reported in Figure
1 (top) as a function ofλ. Of course, because of the symmetry
λ f 1/λ, we only consider the caseL1 e L2, i.e.,λ e 1. As L1

andL2 increase, points clearly approach a universal function of
λ. Note, however, that there are significant scaling corrections.
Faster convergence is observed for the optimal combination (7)
which is reported in Figure 1 (bottom). In this case, we useâ1

) 0, â2 ) 0.1, andpopt ) 0.046. On the scale of the figure,
essentially all points collapse on a single curve. We also check
the small-λ prediction (10). For this purpose, we consider

In the scaling limitf (L1,L2;â) converges to a functionf* (λ),
such that, if prediction (10) is correct,f* (0) is finite and
nonvanishing. This is indeed observed in Figure 2, where we
plot the optimal combinationfopt(L1,L2). In this figure, one can
appreciate scaling corrections that are clearly less than 1%. The
function f* (λ) shows a tiny dependence onλ that can be
parametrized by a polynomial inµ ≡ λ/(1 + λ2) (we use this
particular combination to ensure the symmetryλ f 1/λ). A fit
constrained to reproduceA2*(1) ) 5.494 (ref 18) gives

with a ) 4.611,b ) 1.153, andc ) -0.510. This result can be
compared with the renormalization-group predictions.3,23,24The

one-loopε expansion gives

where we have used the Monte Carlo estimateA2*(1) ) 5.494
and we have setε ) 1. This is reasonably close to our estimate
f * (0) ≈ 4.61, the difference being∼7%. The ratiof * (0)/A*(1)
has also been determined experimentally. Reference 21 quotes
0.95( 0.08, which is in reasonable agreement with our estimate
0.84.

It is difficult to estimate the error on the parametrization (41).
An estimate can be obtained by computing the fixed-point value
gj* of the four-point renormalized coupling used in field-
theoretical approaches. With the standard normalization used
in field theory, we have16

whereγ is the partition-function critical exponent andRge ≡
Rg

2/Re
2, Re

2 being the average squared end-to-end distance.
Using4,25,26Rge ) 0.15995( 0.00010,γ ) 1.1575( 0.0006,
and ν ) 0.5876( 0.0001, we obtaingj* ≈ 1.401. This is in

Figure 1. Normalized second virial coefficient as a function ofλ ≡
L1/L2. In the upper plot we report the results forA2(L1,L2;â)0); in the
lower plot we report the optimal combinationA2,opt(L1,L2). To identify
the scaling corrections, we use different symbols depending onL1 (the
length of the shortest polymer).

Figure 2. Results forfopt(L1,L2) as a function ofλ ≡ L1/L2.

a ) f * (0) ) A*(1)[1 - ε

8
(4 ln 2 - 1)] ≈ 4.28 (42)

gj* )
(6Rge)

3/2

π
Γ(3ν + 2γ)

Γ(γ)1/2Γ(γ + 2ν)3/2∫0

∞
dλ λ3ν/2+γ-1(1 +

λ)-3ν-2γA2*(λ) (43)

p(y) ) Rδ(y - y1) + (1 - R)δ(y - y2), yi ≡ Li/N (35)

A2
Π(R,λ) )

(R + âλ2)3/2[(R2 + â2λ3ν)A2*(1) + 2Râλ3ν/2A2*(λ)]

(R + âλ2+2ν)3/2
(36)

A2
S(R,λ) )

(R + âλ2)1/2[(R2 + â2λ2+3ν)A2*(1) + 2Râλ1+3ν/2A2*(λ)]

(R + âλ2+2ν)3/2

(37)

R2
S(R,λ) ≡ B2,expt

S (P)

B2,expt(L1,L1)
)

L1
2B2

S(P)

(RL1
2 + âL2

2)B2(L1,L1)
(38)

R2
S(R,λ) )

(R2 + â2λ2+3ν)A2*(1) + 2Râλ1+3ν/2A2*(λ)

A2*(1)(R + âλ2)2
(39)

f (L1,L2;â) ≡ ( L1L2

L1
2 + L2

2)1-3ν/2

A2(L1,L2;â) (40)

A2*(λ) ) µ3ν/2-1(a + bµ + cµ2) (41)
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good agreement with the estimates obtained by using field theory
and high-temperature expansions,27-30 gj* ) 1.40( 0.01. The
nice agreement indicates that the error should be safely below
1%.

Using the parametrization (41) and the expressions reported
in the preceding section, we can compute the second virial
coefficient for bimodal systems. In Figure 3 we reportA2

Π(λ)
andA2

S(λ) as obtained from eqs 36 and 37 as a function of the
number fractionR of the polymer of lengthL1 for several values
of λ ≡ L2/L1. For R ) 0 andR ) 1, A2

Π ) A2
S ) A2*(1) ≈

5.494. For intermediate values these functions become signifi-
cantly small and have a deep minimum forR ) Rc with Rc f

0 asλ f 0. In Figure 4 we reportR2
S(λ) for several values ofλ

in terms of the variable

This function is in very good agreement with the renormaliza-
tion-group predictions3,24and with experiments:21 in particular,
for eachλ it is a decreasing function ofêw and does not show
a maximum at some intermediate composition, as predicted by
Flory-type smoothed density models (see the discussion in refs
3 and 21).

Given A2*(λ), we can also determineA2
S(σ) and A2

Π(σ) for
the Schultz distribution. The results are reported in Figure 5.

For σ f 0 we obtainA2
S(σ) ≈ 1.427σ and A2

Π(σ) ≈ 1.935σ2.
For large values ofσ, the distribution becomes narrow and
centered at 1, so that we recoverA2(σ) ≈ A2*(1) ≈ 5.494 with
corrections of order 1/σ. For σ J 30 a good approximation is

For σ ) 1, the case in whichp(x) ) e-x, we obtainA2
S(1) ≈

1.246 andA2
Π(1) ≈ 0.714.

The behavior of the pair potential can be derived analogously.
In Figure 6 we report the effective pair potential at full overlap
(r ) 0) for â ) 0 (top) and for the optimal combination
(bottom). The data collapse on a single curve, as predicted by
renormalization group. Also, the asymptotic formula (13) (with
V0(0) * 0) is well verified. The data are well fitted by the simple
formula

wherea ) 3.4147,b ) 2.3818,c ) -11.353,d ) 9.9554, and
µ ≡ λ/(1 + λ2). Renormalization-group predictions have been
obtained in ref 31. However, they are very imprecise. At leading
order they predicta ) limλf0λ1-3νV∞(ê ) 0;λ) ) (9/4 + x3π)
≈ 7.7, to be compared with our resulta ≈ 3.41. At one loop,
using the results reported in their Figure 3, logV∞(ê ) 0;λ) ≈

Figure 3. Results forA2
Π(λ) and A2

S(λ) for a bimodal system as a
function of the number fractionR of the longest polymer. Hereλ )
L2/L1.

Figure 4. Results forR2
S(λ) for a bimodal system as a function ofêw.

Hereλ ) L2/L1.

êw ≡ RL1
2

RL1
2 + âL2

2
) R

R + âλ2
(44)

Figure 5. Results forA2
Π(σ) and A2

S(σ) as a function of the Schultz
parameterσ.

Figure 6. Effective pair potential at full overlap as a function ofλ ≡
L1/L2. In the upper plot we reportâV2(r ) 0; L1, L2;â ) 0) and in the
lower plot the optimal combinationâV2,opt(r ) 0; L1, L2).

A2
S(σ) ≈ 5.494- 16.3/σ A2

Π(σ) ≈ 5.494- 20.5/σ
(45)

V∞(ê)0;λ) ) µ0.7628(a + bµ + cµ2 + dµ3) (46)
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-1.8 for logλ ) -3, one obtainsa ≈ 1.6, that is still far from
our estimate.

To determine theê dependence ofV∞(ê;λ), we consider the
rescaled quantity

In Figure 7 we report this function forâ ) 0, L1 ) 16 000,
and several values ofL2. On the scale of the figure, in the
reported rangeê j 1.5, all data that correspond to different
values ofλ collapse on a single curve. Thus, we can write

and use the precise results of ref 18 for the effective pair
potential V∞(ê;1) between two polymers of equal length. To
identify the corrections, in Figure 8 we plot

as a function ofê, for the optimal combination. It is evident
that corrections are tiny, except forλ small, sayλ j 0.1, where
approximation (48) significantly overestimates the pair potential
in the regionê ≈ 1-5.

The coarse-graining procedure gives rise to higher order
interactions beside the effective pair potential.8 For small
densities, the most relevant one is the three-body potential. We
have computed this quantity forr12, r13, r23 j 2Rs for the case
L1 ) L2 and a few values ofL1/L3. The calculation is extremely
CPU intensive, and thus, for each value ofL1/L3 we have only
considered one pairL1, L3. The longest walk has alwaysL )
2000, while the shortest one has been chosen such as to obtain
the appropriate length ratio. Without a proper extrapolation, data
may be affected by corrections to scaling. To minimize them,
we performed runs atâ ) 0.054, which is the value ofâ for
which leading scaling corrections approximately cancel.18 To

verify the cancellation, we have computed the three-body
potential forr12 ) r13 ) r23 ) 0 also for a second set of walks
in which the longest one hasL ) 1000. The results, reported in
Table 1, show that scaling corrections are small compared with
the error bars. In Figure 9 we giveâV3(r, r, r; L1, L1, L3; â )
0.054) for an equilateral configurationr12 ) r13 ) r23 ) r. It is
evident that the three-body interaction decreases asL1/L3 f 0
or L1/L3 f ∞, consistent with the idea that the effective potential
goes to zero when the length of some of the walks is much
smaller than the length of one of them. Qualitatively, the three-
body potential shows the same behavior for all values ofλ. It
is always negative in the rangeê j 2, andâV3(0, 0, 0)/âV2(r )
0) is approximately-1/4 in all cases. Only the range of the
potential is slightly different. Forλ ) 1 it becomes essentially
zero for ê ≈ 1, while for the other values ofλ it vanishes
approximately forê ≈ 1.5-2.

4. Osmotic Pressure and Structur Factor in the Dilute
Limit

4.1. General Results.We now wish to use the results of
section 3 to compute the osmotic pressure and the intermolecular
structure function. In the scaling limit the osmotic pressureΠ
can be written as

whereF is the polymer number density andRg,Z is the zero-
densityZ-averaged radius of gyration introduced in section 2.
(This choice is motivated by convenience; any other quantity
related to the size of the polymer would work equally well.)
The scaling functionfΠ(x) depends on the polydispersity
distribution but is independent of chemical details. For smallx
it behaves asfΠ(x) ) 1 + A2

Π(P)x + O(x2). Expression 50 may
be experimentally inconvenient since it requires an independent
determination ofRg,Z at zero density. One can avoid the use of
Rg,Z by writing

Figure 7. Results forâV2(r;L1,L2;â)/âV2(0;L1,L2;â) as a function ofê
≡ r/Rs. HereL2 ) 16 000 andâ ) 0.

Figure 8. Results for∆V2,opt(r;L1,L2) vs ê ≡ r/Rs for four different
pairs ofL1 andL2.

âVr(r;L1,L2;â) )
âV(r;L1,L2;â)

âV(0;L1,L2;â)
(47)

V∞(ê;λ) ≈ Vapprox(ê;λ) ) V∞(ê ) 0;λ)
V∞(ê;1)

V∞(0;1)
(48)

∆V2(r;L1,L2) ) âV(r;L1,L2) - Vapprox(ê;λ) (49)

Table 1. Three-Body PotentialâW3(0,0,0;L1,L1,L3;â) at Full Overlap
for â ) 0.054a

λ L1 L3 âV3

0.125 125 1000 -0.260(13)
0.125 250 2000 -0.256(10)
0.25 250 1000 -0.421(23)
0.25 500 2000 -0.364(15)
1 1000 1000 -0.478(13)
1 2000 2000 -0.464(10)
4 1000 250 -0.409(21)
4 2000 500 -0.384(13)
8 1000 125 -0.318(12)
8 2000 250 -0.305(9)

a Hereλ ) L1/L3. The number in parentheses gives the error on the last
reported digits.

Figure 9. Results forâV3(r,r,r;L1,L1,L3) as a function ofê ≡ r/Rs. Here
λ ) L1/L3 andâ ) 0.054 (optimalâ); the largest of the two lengthsL1

andL3 is alwaysL ) 2000.

âΠ
F

) fΠ(FRg,Z
3) (50)
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The functionf̂Π(x) is also independent of chemical details and
is normalized so thatf̂Π(x) ) 1 + x + O(x2). In the following
we shall report results in terms ofFB2

Π but note that results in
terms ofFRg,Z

3 can be obtained by usingFRg,Z
3 ) FB2

Π/A2
Π(P)

and the results of section 3 forA2
Π(P).

In this paper we only discuss the dilute regime. For mono-
disperse systems it corresponds to densitiesF j F*, where

and Rg is the zero-density radius of gyration. In terms of
FB2(L,L), F j F* corresponds toFB2(L,L) j 1.3. Roughly
speaking, the dilute regime corresponds to the range of densities
in which the virial expansion holds. In the polydisperse case,
especially if the distribution of sizes is broad, it is not clear
how to characterize the dilute regime in terms of the size of the
polymers. It is instead natural to identify it with the range in
which FB2

Π j 1.32 This is the regime that will be considered
below.

To determine the osmotic pressure as a function ofF for a
generic polydispersity distribution, we will use the coarse-
grained potential derived in section 3; i.e., we schematize the
polymer solution as a mixture of point particles distributed
according to the polydispersity distribution and interacting by
means of the zero-density coarse-grained potential. To determine
the thermodynamic properties, we use the integral-equation
formalism.9 Given a mixture ofM different species labeled by
the indexR (each species corresponds to polymers of length
LR), we define the direct correlation functioncRâ(r ) by the
Ornstein-Zernike relation

wherehRâ(r ) is the pair correlation function,ĥRâ(k) andĉRâ(k)
are the corresponding Fourier transforms,F is the number
density of the mixture, andxR is the number fraction of the
particles (polymers) of typeR. To solve the thermodynamics,
one needs a closure relation betweenhRâ(r ) andcRâ(r ). We will
use the HNC closure

whereVRâ(r ) is the potential between particles of typeR andâ.
In ref 10 it was shown that the HNC approximation is very
accurate for soft-core potentials. The pressure may be computed
either by using the virial equation

or by using the compressibility route, which requires the
integration over density of the direct correlation function at fixed
composition:

Here ĉRâ(k ) 0; σ) is the zero-momentum direct correlation
function at densityσ. For soft-core potentials the two definitions

give the same result, and thus the HNC closure provides a
consistent thermodynamics. We have computed the pressure
using both methods, verifying that they give the same value
for Π. This provides a strong check of the correctness of our
numerical programs.

Beside the osmotic pressure, we also compute the intermo-
lecular structure factor defined by

whereV is the volume,m, n label the polymers, anda, b refer
to the monomers that belong to polymersm andn. Within our
coarse-grained model it is not possible to determineSinter(q)
exactly. In the monodisperse case, a precise approximation (at
least for qRg j 8) has been proposed in ref 33. Their
approximation can be easily generalized to the polydisperse case
(see Appendix). We first rewrite the intermolecular structure
factor as (as usual, we neglect here end effects)

whereĥmm,Râ(q) is the monomer-monomer correlation function
andxR andLR are respectively the number density and the length
of polymers of typeR. In the Appendix, generalizing the
argument of ref 33, we relate the monomer-monomer correla-
tion function to the correlation function between the centers of
mass of the polymersĥRâ(q) computed in the coarse-grained
model. This gives us the relation

where ωmm
(R) (q) and ωcm

(R)(q) are form factors defined respec-
tively as

where 〈‚〉R indicates the average over polymers of speciesR
andrCM is the center-of-mass position. In ref 33 it was shown
that a good approximation forq not too large, sayqRg j 8, is
obtained by using the form factors valid for ideal polymers:34

where erf(x) is the error function,x ) qRg,R, and Rg,R is the
radius of gyration of polymers of speciesR. Below, we will
use eq 59 with the form factors (62) to compute the intermo-
lecular structure factor.

In the scaling limit, the intermolecular structure function
satisfies a scaling relation analogous to that of the pressure.
Indeed, we have

Sinter(q) ≡ 1

V
∑
m*n

∑
a∈m

∑
b∈n

〈eiq·(ra
(m)-rb

(n))〉 (57)

Sinter(q) ) F2∑
Râ

xRxâLRLâĥmm,Râ(q) (58)

Sinter(q) ) F2∑
Râ

xRxâLRLâ

ωmm
(R) (q)ωmm

(â) (q)

ωcm
(R)(q)ωcm

(â)(q)
ĥRâ(q) (59)

ωmm
(R) (q) ≡ 1

LR + 1
∑
a)0

LR

∑
b)0

LR

〈eiq·(ra-rb)〉R (60)

ωcm
(R)(q) ≡ ∑

a)0

LR

〈eiq·(ra-rCM)〉R (61)

1
LR + 1

ωmm
(R) (q) ) 2

x4
(e-x2

- 1 + x2)

1
LR + 1

ωcm
(R)(q) )

xπ
x

e-x2/12 erf(x/2) (62)

âΠ
F

) f̂Π(FB2
Π) (51)

1
F*

) 4π
3

Rg
3 (52)

ĥRâ(k) ) ĉRâ(k) + F∑
λ)1

M

xλĉRλ(k) ĥλâ(k) (53)

hRâ(r ) + 1 ) exp[-âVRâ(r ) + hRâ(r ) - cRâ(r )] (54)

âΠ

F
) 1 -

2π

3
F∑

Râ

xRxâ∫0

∞
dr r 2[rhRâ(r)âV′Râ(r) - 3âVRâ(r)]

(55)

âΠ

F
) 1 -

1

F
∫0

F
dσ σ∑

Râ

xRxâĉRâ(k ) 0; σ) (56)
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It is easy to verify that the functionf̂S(qRg,FB2
Π), which

depends only on the polydispersity distribution, satisfiesf̂S(0,x)
) -2B2

Sx/B2
Π for x f 0.

4.2. Bimodal Polydispersity.In this section we consider a
ternary system in which there are two polymer species with
the same chemical composition but with different degree of
polymerizationL1 and L2. As before, we setλ ≡ L2/L1 and
indicate withR ) x1 the number density of polymers of length
L1. In Figure 10 we reportZ ≡ âΠ/F vs FRg,Z

3 andFB2
Π. It is

computed by using the HNC integral equations and the
approximate potential (48). It is evident thatFB2

Π is the most
natural variable. Indeed, all mixtures have approximately the
sameZ at the same value ofFB2

Π. Polydispersity is essentially
encoded in the variableB2

Π, the additional dependence being
quite small. Note that this approximate independence is not
trivially due to the fact thatZ is well approximated by the first
two terms of the virial expansion. As can be seen in Figure 10,
Z is significantly different from 1+ FB2

Π. Note also that for
large densitiesZ is approximately linear. As discussed in ref
10, this is a general result for soft-core potentials. Of course, in
a polymer system this behavior holds only in some intermediate
range of densities. AsF increases, higher order interactions
become important, and eventuallyZ scales as1 Z ∼ r1/(3ν-1 )∼
r1.311. In the intermediate linear regime, the pressure can be
computed directly in the random-phase approximation, which
corresponds to takingcRâ(r ) ) -VRâ(r ). The pressure is then
given by

where

To identify better the deviations from the monodisperse case,
we consider

which satisfies

whereRmd(x) is the same quantity in a monodisperse system.
In Figure 11 we reportR(λ,R,x) - Rmd(x), x ) B2

ΠF, for λ )
0.1 andλ ) 0.5. Forλ ) 0.5 differences betweenR(λ,R,x) and
Rmd(x) are tiny. Their difference is zero forR ) 0, increases
until R ≈ 0.3, and then decreases again. AtB2

ΠF ) 1 the
difference is at most 0.007. Forλ ) 0.1 deviations are larger
by approximately a factor of 10. The absolute difference of

R(λ,R,x) andRmd(x) reported in the figure first increases rapidly
with R, is maximal forR ≈ 0.05, and then slowly decreases
toward zero asR f 1. Note that the rapid variation ofR with
R is similar to that observed inA2

Π andA2
S (see Figure 3). For

smallR the behavior of the solution is very sensitive to changes
in the density of the (rare) long polymers. On the other hand,
whenR is close to 1, little changes when varying the density of
the short polymers.

In ref 5 it was shown that the estimates of the pressure
obtained by using the zero-density pair potential are lower than
the correct result. This is due to the neglect of the three-body,
four-body, etc., interactions. Their effect is not large in the dilute
regime. Using the density-dependent potential reported in ref
35 and the HNC closure, we obtain that the correct pressure

Σ(q) ≡
Sinter(q)

F∑
R

xRLR
2

) f̂S(qRg,FRg
3) ) f̂S(qRg,FB2

Π) (63)

âΠ

F
) 1 +

F

2
∑
Râ

xRxâ∫d3r VRâ(r )

) 1 +
B2

ΠF
2

Vp

R2 + â2λ3ν + 2Râ[(1 + λ2)/2]3ν/2V∞(0;λ)/V∞(0;1)

(R2 + â2λ3ν)A2*(1) + 2Râλ3ν/2A2*(λ)
(64)

Vp ) ∫d3r V∞(r;1) ≈ 14.31 (65)

R(λ,R,B2
ΠF) ≡ (âΠ

F
- 1) 1

B2
ΠF

(66)

R(λ,0,x) ) R(λ,1,x) ) Rmd(x) (67)

R(λ,R,x) ) 1 + O(x) for x f 0 (68)

Figure 10. Pressure for bimodal solutions. Results forâΠ/F as a
function of B2

ΠF (top) andFRg,Z
3 (bottom) forλ ) 0.1, 0.5 and a few

values of R. In the upper plot we also report (thin line) the
approximationâΠ/F ) 1 + B2

ΠF.

Figure 11. Pressure for bimodal solutions. Results forR(R,λ,x) -
Rmd(x) as a function ofx ≡ B2

ΠF for λ ) 0.1 (top) andλ ) 0.5
(bottom) and a few values ofR.
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(computed by using the compressibility route, see ref 36) at
B2F ) 1 for a monodisperse system is only 7% larger than that
computed by using the zero-density potential. An analogous
correction is expected in the presence of polydispersity.

We have also considered the intermolecular structure factor.
The previous discussion indicates that a meaningful comparison
should be done at fixed values ofB2

ΠF. In Figure 12 we report
the scaling functionΣ(q) for B2

ΠF ) 1 as a function ofqRg,Z.
For λ ) 0.5 polydispersity effects are tiny and not visible on
the scale of the figure. Forλ ) 0.1 the dependence onR is
somewhat larger. Forq ) 0, Σ(0) first decreases abruptly,
reaching a minimum forR ≈ 0.05, and then increases slowly
again asR increases toward 1. This is very similar to what is
observed for the pressure. Forq * 0, the behavior is similar:
Σ(q) first decreases, reaching a minimum at aq-dependent value
R(q), and then increases again. Apparently,R(q) decreases asq
increases: forqRg ) 2 (3) we haveR(q) ≈ 0.01 (0.005). Note
finally that Σ(q) ≈ 0 for qRg,Z J Q0 with Q0 ≈ 4 for the
monodisperse case. In the bimodal case, firstQ0 increases
rapidly asR increases, untilR ≈ 0.005-0.01, and then slowly
decreases toward the monodisperse valueQ0 ≈ 4.

For the monodisperse case, exact simulation results are
reported in ref 33. Comparing with those obtained here for the
monodisperse case, we see that the use of the zero-density pair
potentials gives a quite good approximation. We expect therefore
that also our polydispersity results in the dilute region are
reasonably precise. In analogy with the discussion of the osmotic
pressure, it is probably safe to assume that the error is less than
10%.

4.3. Schultz Distribution. The analysis of systems distributed
according to the Schultz distribution is more complex since we
are dealing with a continuous distribution of lengths. To perform
the calculation, we work as follows. Given the polydispersity
distributionp(y) defined in eq 32, we first choose a numberΛ
, 1 and determine the interval [y1, y2] such thatp(y) g Λ for
y1 e y e y2 (for σ e 1 we havey1 ) 0). Then, we choose an
integer M and define∆y ≡ (y2 - y1)/M. The polydisperse
solution is approximated by a mixture ofM different species,
each species representing a polymer of different length. Species

R, 1 e R e M, corresponds to polymers of length

The corresponding number fraction is

where K is a normalization factor ensuring∑xR ) 1. The
continuous distribution results are obtained forΛf 0 andM
f ∞. Since we are dealing with a broad distribution of lengths,
one should also carefully check the grid size∆r/Rg,Z and the
number of pointsNp used in the solution of the integral
equations. Values of the variableRdefined in eq 66 are reported
in Table 2 forσ ) 1, B2

ΠF ) 1, 1.5, and several values of the
parameters. It is clear thatNp ) 1024,∆r/Rg,Z ) 0.02, M )
100,Λ ) 10-4 is fully adequate. The dependence onM andΛ
decreases with increasingσ, and for σ ) 10 we obtainR )
1.1554 (B2

ΠF ) 1) andR ) 1.1880 (B2
ΠF ) 1.5) for all values

of the parameters used in Table 2. In the following we shall
report results obtained by usingM ) 100 andΛ ) 10-4. The
discrete distribution obtained for such values of the parameters
gives a very precise approximation of the continuous polydis-
persity distribution.

In Figure 13 we reportR, as defined in eq 66, for several
values ofσ. The dependence onσ is tiny, and forσ J 5, results
cannot be distinguished from those of a monodisperse system.
In Figure 14 we give the intermolecular structure function
Σ(q) for several values ofB2

ΠF andqRg,Z. Also in this case the
dependence onσ is small.

5. Conclusions

In this paper we have studied the effect of polydispersity on
the behavior of polymer solutions in the good-solvent regime.
First, we have focused on the second virial coefficient and on
the effective pair potential between the centers of mass of two
polymers of lengthL1 andL2. Results are given for systems in
which polymers of two different lengths are present and for
systems in which the polydispersity distribution follows the

Figure 12. Intermolecular structure factor for bimodal solutions.
Results forΣ(q) as a function ofqRg,Z at B2

ΠF ) 1 for λ ) 0.1 (top)
andλ ) 0.5 (bottom).

Figure 13. Osmotic pressure for the Schultz distribution. Results for
R(σ,x) - Rmd(x) as a function ofx ≡ B2

ΠF for a few values ofσ.

Table 2. Estimates ofR (See Eq 66) forσ ) 1 and B2
ΠG ) 1, 1.5 for

Several Values of the ParametersM, Λ, ∆r/Rg,Z, and Np

M L ∆r/Rg,Z Np B2
ΠF ) 1 B2

ΠF ) 1.5

25 10-3 0.01 1024 1.1435 1.1664
50 10-3 0.01 1024 1.1448 1.1678

100 10-3 0.01 1024 1.1453 1.1682
25 10-4 0.005 2048 1.1418 1.1646
25 10-4 0.01 4096 1.1419 1.1646
25 10-4 0.02 1024 1.1419 1.1646
50 10-4 0.02 1024 1.1439 1.1667

100 10-4 0.02 1024 1.1445 1.1674

LR

N
) y1 + ∆y(R - 1

2) (69)

xR ) 1
K∫yR

-

yR
+
p(y) dy, yR

( )
LR

N
( ∆y

2
(70)
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Schultz law. Knowledge of the effective pair potential allows
us to determine the osmotic pressure and the intermolecular
structure factor in the dilute regime. We show that the natural
variable isB2

ΠF (or equivalently the dimensionless quantityMn

B2,expt
Π Fw): systems with different polydispersity distributions

have approximately the sameâΠ/F at thesamevalue ofB2
ΠF.

In particular, the dependence on the Schultz parameter is tiny,
and for σ J 5, the behavior ofâΠ/F as a function ofB2

ΠF is
practically equal to that occurring in a monodisperse system.
We have also computed the intermolecular structure function
generalizing the results of ref 33 to a polydisperse system.
Again, polydispersity effects are small when one compares the
structure functions at the same value ofB2

ΠF.

All the considerations presented here apply to the good-
solvent regime, and thus our results are only predictive far from
theθ point. Approaching theθ point significant deviations occur.
A proper parametrization of this crossover, along the lines
discussed in ref 18, will be presented in a forthcoming
publication.

Finally, we should mention that our results also apply to
solutions of polymers of different chemical composition. Indeed,
as discussed in refs 3, 24, 37, and 38, the difference in the nature
of the polymers gives rise to new scaling corrections (see ref
39 for a precise numerical determination) but does not change
the universal behavior in the scaling limit. To apply the present
results to multicomponent solutions, one should realize that the
degree of polymerization is not a meaningful variable in the
presence of polymers of different chemical composition. In this
case the size of the polymers should be characterized by using,
e.g., the radius of gyration. In practice, given a solution with
several species, 1e R e M, with zero-density radii of gyration
Rg,R, one can defineeffectiVe lengths

In the scaling limit, the multicomponent solution behaves as a
polydisperse solution of polymers of lengthLR. It is important
to note that scaling corrections are particularly strong (see ref

39), and thus, even with long polymers, we expect sizable
deviations from the scaling limit determined here.

Acknowledgment. The author thanks Jean-Pierre Hansen
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Appendix. A PRISM Approximation for the
Monomer-Monomer Correlation Function

To compute the intermolecular structure function, we need
to relate the monomer-monomer correlation function to the
coarse-grained correlationĥRâ(q). We will generalize here the
expression obtained in ref 33 for monodisperse systems. For
convenience, we relabelĥRâ(q) asĥcc,Râ(q) to emphasize that it
corresponds to the center-of-mass-center-of-mass correlation
function. Then, we introduce the center-of-mass-monomer
correlation functionĥcm,Râ(q), the corresponding direct correla-
tion functions, and assume, as in ref 33, that only the monomer-
monomer direct correlation functionĉmm,Râ(q) is nonvanishing.
Then, we consider the PRISM Ornstein-Zernike40 relation. With
the above-reported assumption on the direct correlation func-
tions, we can write

wherea andb may be eitherm or c, andωbm
(R) are the polymer

form factors defined in section 4.1. All functions depend on
the wave vectorq that has not been explicitly written. Then,
define

Equation 72 implies

Then, we obtain

This set of equations is solved by taking

which implies
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(R) ĉmm,Râωmm

(â) + F∑
γ

ωmm
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(R) ĉmm,RγxγLγ(Hmb,γâ - Hmm,γâ)

(75)

Hab,Râ ) Hmm,Râ (76)

ĥmm,Râ )
ωmm

(R) ωmm
(â)

ωam
(R)ωbm

(â)
ĥab,Râ (77)

Macromolecules, Vol. 39, No. 12, 2006 Dilute Polymer Solutions 4193

CDV



(6) Grosberg, A. Y.; Khalatur, P. G.; Khokhlov, A. R.Makromol. Chem.
Rapid Commun.1982, 3, 709-713.

(7) Hansen, J. P.; Addison, C. I.; Louis, A. A.J. Phys.: Condens. Matter
2005, 17, S3185-S3193.

(8) Bolhuis, P. G.; Louis, A. A.; Hansen, J. P.Phys. ReV. E 2001, 64,
021801.

(9) Hansen, J.-P.; McDonald, I. R.Theory of Simple Liquids, 2nd ed.;
Academic: London, 1986.

(10) Louis, A. A.; Bolhuis, P. G.; Hansen, J. P.Phys. ReV. E 2000, 62,
7961-7972.

(11) Grassberger, P.; Hegger, R.J. Chem. Phys.1995, 102, 6881-6899.
Grassberger, P.Phys. ReV. E 1997, 56, 3682-3693.

(12) Lal, M. Mol. Phys.1969, 17, 57-64.
(13) MacDonald, B.; Jan, N.; Hunter, D. L.; Steinitz, M. O.J. Phys. A:

Math. Gen.1985, 18, 2627-2631.
(14) Madras, N.; Sokal, A. D.J. Stat. Phys.1988, 50, 109-186.
(15) Sokal, A. D. InMonte Carlo and Molecular Dynamics Simulations

in Polymer Science; Binder, K., Ed.; Oxford University Press: Oxford,
1995.

(16) Muthukumar, M.; Nickel, B. G.J. Chem. Phys.1987, 86, 460-476.
(17) Belohorec, P.; Nickel, B. G.Accurate uniVersal and two-parameter

model results from a Monte-Carlo renormalization group study;
Guelph University report, 1997, unpublished.

(18) Pelissetto, A.; Hansen, J. P.J. Chem. Phys.2005, 122, 134904.
(19) de Gennes, P. G. Talk cited in ref 23.
(20) Yamakawa, H.Modern Theory of Polymer Solutions; Harper-Row:

New York, 1971.
(21) Lapp, A.; Mottin, M.; Strazielle, C.; Broseta, D.; Leibler, L.J. Phys.,

II 1992, 2, 1247-1256.
(22) Li, B.; Madras, N.; Sokal, A. D.J. Stat. Phys.1995, 80, 661-754.
(23) Witten, T. A.; Prentis, J. J.J. Chem. Phys.1982, 77, 4247-4253.
(24) Joanny, J. F.; Leibler, L.; Ball, R.J. Chem. Phys.1984, 81, 4640-

4656.

(25) Grassberger, P.; Sutter, P.; Scha¨fer, L. J. Phys. A: Math. Gen.1997,
30, 7039-7056.

(26) Caracciolo, S.; Causo, M. S.; Pelissetto, A.Phys. ReV. E 1998, 57,
R1215-R1218.

(27) Nickel, B. G.Physica A1991, 177, 189-196. Murray, D. B.; Nickel,
B. G. ReVised estimates for critical exponents for the continuum
n-Vector model in three dimensions; Guelph University report, 1991,
unpublished.

(28) Pelissetto, A.; Vicari, E.Nucl. Phys. B1998, 519, 626-660.
(29) Pelissetto, A.; Vicari, E.Nucl. Phys. B2000, 575, 579-598.
(30) Guida, R.; Zinn-Justin, J.J. Phys. A: Math. Gen.1998, 31, 8103-

8121.
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